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Abstract
This paper presents a simple condition for optimal coordination of social security policies in the union of two open economies employing different production
functions and within which capital and labour are fully mobile. We find that
if both countries run fully-funded pension schemes, the allocation of mobile
production factors may not be optimal when the countries have different technologies. In order to remove this distortion, at least one country must run a
pay-as-you-go (PAYG) pension scheme. Policy coordination which takes technological differences into account allows for the removal of static inefficiencies,
maximizing the welfare of the agents in the steady state.
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Introduction

The increasing mobility of labour and capital raises questions about the optimal allocation of production factors between countries. One possible reason
for non-optimal distribution of mobile resources is uncoordinated pension systems. From the analyses of Homburg and Richter (1993) and Breyer and Kolmar
(2002) it follows that, in the absence of population growth, optimal allocation
is achieved when countries have the same pension systems. However, in both
papers, capital flows are not endogenous and optimality conditions are found
assuming an exogenously given amount of capital in the countries. At the same
time, if labour moves from one country to another, interest rates change, creating incentives for capital relocation. This paper shows that if both migration
and capital mobility are endogenous, and countries employ different production
functions, then at least one country should run a PAYG pension scheme in order
to avoid static distortions.
An impact of migration on capital flows was studied by Gerking and Mutti
(1983). They showed that an immigration of unskilled labour to a more developed country leads to an outflow of capital from the less developed country, and
differences in production functions may lead to an increased gap in wage rates.
Relevant literature also includes the paper by Fedotenkov and Meijdam who
derived an optimality condition similar to Breyer and Kolmar (2002); however,
gains in efficiency were determined by an optimal use of land as a production
factor. Geide-Stevenson (1998) analyzed incentives for factor mobility caused
by differences in pension systems in a model with endogenous capital and labour
flows. The model developed in our paper avoids the corner solutions possible in
the Geide-Stevenson model by assuming dissimilar production technologies in
the countries and land as an immobile production factor, and provides a condition for optimal coordination of the pension systems. Moreover, we expand on
Fedotenkov and Meijdam’s paper by allowing for different technological functions in the countries - with interesting results. The optimality in the model
developed in the current paper derives from the differences in production functions. Different output elasticities of capital in the countries have an empirical
confirmation. For example, Maddison (1987) estimates the share of capital income in GDP at 25.5% in the UK, and 30.5% in France. The model proposed
in this paper takes such differences into account.
Breyer (1989) and Verbon (1989) show that if a PAYG pension scheme does
not produce static distortions, it is impossible to make a welfare improving
switch from PAYG to a more fully-funded pension scheme. Many other observers argue that PAYG pension schemes do produce static distortions. They
distort the labour supply (Browning 1975 and Homburg 1990) and reduce investments in human capital (Köthenbürger and Poutvaara 2006). However, as
this paper shows, assuming a union of two small open economies, abolishing
social security systems in both countries creates diverse static distortions if production functions in the two countries are different. Namely, agents choosing
a country in which to live do not take into account the likely increase in the
marginal productivity of capital in the chosen country which would arise from a
2

certain degree of complementarity of labour and capital in production. Therefore, the capital stock increases in this country to keep marginal productivity
constant. However, if the same agents had decided to settle in the neighboring country - with a larger output elasticity of capital - they could very well
attract more capital there. On the other hand, in the union of two small open
economies, returns to capital are fixed, while returns to labour are not - unless
there are constant returns to scale in labour and capital. Therefore, more agents
concentrated in the country with a higher output elasticity of labour facilitate
the allocation of more output produced in the union to the agents living there,
increasing their welfare. Thus, differences in production functions can lead to
an inefficient allocation of mobile production factors within the union, giving
rise to the need for a PAYG pension scheme in one of the countries so as to
remove these distortions.
A link between pensions, investments in human capital and migration was
studied by Poutvaara (2007). He showed that a potential for migration increases
investments in human capital in the country with flat-rate benefits, and has the
opposite effect in the country with earnings-related benefits.
This paper focuses on the effects produced by different production functions,
and mobile production factors. It does not discuss an endogenous labour supply,
investment in human capital or other possible extensions discussed in detail in
the previous literature.
In the next section the model is developed, and an optimality condition is
found, section 3 describes dynamics of the model and welfare of transitional
generations, section 4 concludes.
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The model

A union of two small open economies is presented in the model - referred to
as “Home” and “Foreign” countries. The countries may differ regarding land
endowments and production technologies. Labour is mobile within the union,
and capital is mobile both within the union, and also toward the outside world,
so that interest rates are fixed. There are two overlapping generations. Young
agents invest their savings in capital and land. Old agents sell the land to the
young and consume savings and pension benefits.

2.1

Firms

Production Y is determined by a Cobb-Douglas technology:
Yt = A1−α−β Ktα Lβt ,

(1)

K̃tα̃ L̃β̃t .

(2)

Ỹt = Ã

1−α̃−β̃

A, K and L denote land endowment, capital stock and labour employed in the
Home country. It is supposed that α + β < 1. The corresponding variables and
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constants with tildes refer to the Foreign country. Interest rates and wages are
equal to the marginal returns of capital and labour respectively.
1 + r̄ = αA1−α−β Ktα−1 Lβt ,

(3)

K̃tα̃−1 L̃β̃t ,

(4)

1 + r̄ = α̃Ã

1−α̃−β̃

wt = βA1−α−β Ktα Ltβ−1 ,

(5)

K̃tα̃ L̃β̃−1
.
t

(6)

w̃t = β̃ Ã

1−α̃−β̃

There are also nonzero returns to land:
at = (1 − α − β)A−α−β Ktα Lβt .

(7)

Denote the price of land at time t as Pt . Following Köthenbürger and Poutvaara
(2006) arbitrage does not exist, implying:
(1 + r̄)Pt = at+1 + Pt+1 ,

(8)

likewise for the Foreign country.

2.2

Households

Denote consumption of the young at time t as Cty , and consumption of the old
o
at the period t + 1 as Ct+1
. The agents in both countries maximize the same
utility function, which satisfies Inada conditions:
o
max U (Cty , Ct+1
),

(9)

Cty = (1 − τ )wt − st

(10)

o
Cty ,Ct+1

with the budget constraints:
o
Ct+1

= ηt+1 + (1 + r̄)st ,

(11)

where st denotes savings made at time t. As agents may freely choose where
to invest their savings, returns on investments in land and capital are equal.
There is no need, therefore, to distinguish between them. ηt+1 denotes pension
benefits with defined contributions:
ηt+1 = τ wt+1

2.3

Lt+1
.
Lt

(12)

Steady state

In this subsection we omit time indexes in reference to steady state values.
As utility function satisfies Inada conditions, a larger present value of lifetime income allows for a larger utility. Thus, equilibrium in the labour market is
determined by equalities of present values of life-time incomes in the countries:
w(1 + r̄ − τ r̄) = w̃(1 + r̄ − τ̃ r̄).
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(13)

This equation is received using the fact that there is no migration in the steady
state. Substituting wages from equations (5) and (6) and using capital derived
from equations (3) and (4) an expression for the actual allocation of labour in
the steady state is received:
β̃ 
α

 − 1−1−α̃−
 − 1−α−β
 1−α
 1−α̃α̃
1−α
α̃
α
L̃
α̃
L
(1 + r̄ − τ r̄) = β̃
(1 + r̄ − τ̃ r̄)
β
A
1 + r̄
1 + r̄
Ã
(14)
The allocation of labour is expressed in terms of population densities L/A and
L̃/Ã. This depends on the PAYG contribution rates τ and τ̃ .

2.4

Optimality

According to Homburg and Richter (1993) and Breyer and Kolmar (2002), the
allocation of labour between countries is optimal when it leads to the maximal
amount of production in the union. This is not the case in our model, since
under the assumption of a union of two small open economies, interest rates are
fixed and returns to capital may go abroad. Agents receive wages - not constant
due to the presence of a fixed factor (land) in the production function - and
pension benefits which are linked to wages. Therefore, an optimality for the
agents living in the union is achieved when the total amount of wages in the
union is maximized Lw + L̃w̃ = βY + β̃Y .
Suppose that the total number of agents in the union is constant and denote
it with Λ = L + L̃. Inserting capital expressed from equations (3) and (4) into
(1) and (2) the total wages in the union become equal:
βY + β̃Y = βA

1−α−β
1−α

L

β
1−α



α
1 + r̄

α
 1−α

+ β̃ Ã

1−α̃−β̃
1−α̃

(Λ − L)

β̃
1−α̃



α̃
1 + r̄

 1−α̃α̃
. (15)

Derivation of equation (15) ensures that capital flows are modeled endogenously.
This is an essential difference from Homburg and Richter (1993) and Breyer and
Kolmar (2002). Taking a derivative with respect to L and equalizing it to zero
we find that the production in the union is maximal when labour allocation
between the countries satisfies
β̃ 
α
 − 1−α−β

 1−α
 − 1−1−α̃−
 1−α̃α̃
1−α
α̃
L
α
β̃ 2
L̃
α̃
β2
=
.
(16)
1−α A
1 + r̄
1 − α̃ Ã
1 + r̄
It is easy to see that the second derivative of equation (15) with respect to L
is negative, so equation (16) is indeed a condition for the optimal allocation of
labour in the union. It is interesting to note that if the countries employ the same
production technologies, this condition simplifies to the equality of population
densities, i.e. L/A = L̃/Ã. This generalizes the result received by Fedotenkov
and Meijdam, who show that when the countries are equal in size and employ
the same production functions, optimality is achieved when labour is allocated
equally between the countries. Condition (16) is a more general result, allowing
both for different-sized countries and also for different technologies.
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Comparing the optimality condition (16) with the actual allocation of labour
described by equation (14), we see that the optimal allocation of labour is
achieved when
1 + r̄ − τ r̄
(1 − α̃)β
.
=
1 + r̄ − τ̃ r̄
(1 − α)β̃

(17)

Thus, if countries have different technologies, one of the countries should run
a more generous (for pensioners) PAYG pension scheme unless β/(1 − α) =
β̃/(1 − α̃). Suppose β/(1 − α) < β̃/(1 − α̃) and the Foreign country runs a
fully-funded pension scheme. i.e. τ̃ = 0. Then the optimal PAYG contribution
rate in the Home country is
τ∗ =

(1 + r̄)(β̃(1 − α) − β(1 − α̃))
> 0.
r̄β̃(1 − α)

(18)

Therefore, one of the countries needs to impose a positive PAYG tax in order
to maximize the welfare in the union.
The intuition of this result comes from two observations: An increase of
labour supply in one of the countries tends to increase interest rates. But, as
the interest rates are constant, this results in the inflow of capital to the country.
Suppose, there is no PAYG pension system. From the equations (3)-(6) it is
easy to get
∂K
αw
α̃w̃
∂ K̃
(19)
=
6=
=
∂L
(1 − α)(1 + r̄)
(1 − α̃)(1 + r̄)
∂ L̃
if α 6= α̃. Note that in this case w = w̃ because of the labour market equilibrium
(13). Therefore, a marginal increase of labour in the country with a lower output
elasticity of capital is likely to attract less capital to this country than it would
attract to the neighbouring country. On the other hand, interest rates are fixed.
Therefore, an increase in wages and pensions, which are wage-linked, increases
the welfare of agents, while the returns to capital may go to the rest of the
world (or agents living in the union may invest their savings abroad). A larger
concentration of labour in the country with a larger output elasticity of labour
permits the redistribution of more output produced in the union to the agents
living there in the form of higher wages and pensions. Therefore, the optimal
coordination of PAYG pension systems depends on a combination of countryspecific output elasticities of labour and capital.
This finding does not contradict the first welfare theorem, because the amount
of capital is infinite in the world, assuming a small open union. We derive an
optimality condition for the two countries constituting the union - the rest of the
world is not taken into account, which in the case of two small open economies
is too large to be a affected by these two countries. It should also be noted
that PAYG pension system in the model works as a tool to make incentives for
agents to reallocate from one country to another. This can also be achieved by
introducing labour taxes, which finance government consumption or external
debt, or by other fiscal measures.
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3

Transition

In this section transitional dynamics and welfare of transitional generations are
analysed.

3.1

Stability

The possibility of establishing an efficient coordination of pension systems is an
incentive for a pension reform in one of the countries. Long-run results were
discussed in the previous section, and now we will briefly discuss the dynamics
of the model that arises if pension reform takes place. The model, in fact, has an
unstable saddle-point equilibrium. This can be seen from the following analysis:
Agents migrate to the country where they obtain a larger present value of lifetime income; therefore present values of lifetime incomes in both countries are
equal:
wt (1 − τ ) + τ wt+1

L̃t+1
Lt+1
.
= w̃t (1 − τ̃ ) + τ̃ w̃t+1
Lt (1 + r̄)
L̃t (1 + r̄)

(20)

Using expressions for wages (5) and (6), and eliminating capital from them
with equations (3) and (4) we get
β 
α

 1−α

 1−α
1−α−β
α
τ
L
− 1−α−β
t+1
1−α
β
1−τ +
A 1−α Lt
=
1 + r̄
1 + r̄
Lt
 β̃ 

 1−α̃α̃


1−α̃−β̃
α̃
L̃t+1 1−α̃
τ̃
− 1−α̃−β̃
Ã 1−α̃ L̃t 1−α̃ 1 − τ̃ +
β̃
.
1 + r̄
1 + r̄
L̃t



(21)

The system is in the steady state when Lt = Lt+1 . Suppose, this is not the
case. Write Lt = Ls + ∆Lt , where Ls denotes the steady state value of labour in
country H, ∆Lt is a deviation from this steady state. As there is no population
growth in the union, L̃t = L̃s − ∆Lt where L̃s = Λ − Ls .


α
β
1 + r̄

α
 1−α

A

1−α−β
1−α

− 1−α−β
1−α

(Ls + ∆Lt )
|
{z


1−τ +

}

Ψ1

τ
1 + r̄



Ls + ∆Lt+1
Ls + ∆Lt
{z
|

β
 1−α


Ψ2



α̃
β̃
1 + r̄

 1−α̃α̃
Ã

1−α̃−β̃
1−α̃

α̃−β̃
− 1−
1−α̃

(L̃s − ∆Lt )
|
{z

}

Ψ3


1 − τ̃ +

τ̃
1 + r̄



L̃s − ∆Lt+1
L̃s − ∆Lt
|
{z
Ψ4

=
}
 1−β̃α̃ 
. (22)
}

All values in equation (22) are constant, except for ∆Lt and ∆Lt+1 . If the
system is in the steady state, ∆Lt = ∆Lt+1 = 0. ∆Lt > 0 (the case ∆Lt < 0
is symmetric) reduces Ψ1 and increases Ψ3 relatively to the steady state values.
Hence, the equality can only be valid if Ψ2 increases and/or Ψ4 decreases. This
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is only possible when ∆Lt+1 > ∆Lt . Therefore, if Lt is not in its steady state,
Lt+1 will be even further from it. As a result, the system will never converge
to its new steady state. This shows that the equilibrium in the model is an
unstable saddle-point equilibrium.
Therefore, if the pay-as-you-go tax is changed in one of the countries, the
model immediately jumps to its new steady state. There are no transitional
dynamics in the model.

3.2

Welfare effects

Suppose that initially both countries have fully-funded pension schemes, and
at time t = 0 one of the countries introduces a PAYG pension scheme as in
equation (18). The model is saddle-point stable and following the introduction of
a PAYG pension scheme, the system would immediately jump to its new steady
state; therefore, the young generation at the time of the reform, and all future
generations would gain from the introduction of a PAYG scheme. However,
the welfare of the old generations living at the time of the reform remains
problematic. The old generations invest in both land and capital. Capital is fully
mobile (in the short run as well) within the union of the two countries, and also
within the wider world - so interest rates remain unchanged, and investments to
capital bring neither welfare gains nor losses. However, land is immobile, and
returns to land vary post-reform, thus affecting the price at which it can be sold.
From the assumptions of the model it is not clear who exactly owns the land,
since agents from one country may invest in land in another country. Likewise,
foreigners from outside the union may invest in land in both countries. In the
latter case, old generations in the countries are not affected by pension reform at
all. That said, it is more logical to assume that land in a country belongs to the
citizens of this country. As labour moves from the country introducing a PAYG
pension scheme to the country with a fully-funded pension scheme, returns to
land and, likewise, the price of land in the funded country increase, while in the
PAYG country they decline. The old generation in the funded country gains
from the higher price of land, while the old generation in the PAYG country
loses, but some these losses are compensated by the introduced PAYG pension
scheme. If the countries coordinate pension reform, old generation benefits in
the funded country can be taxed in order to compensate for the losses of the
old generation in the PAYG country. An interesting question is whether the
introduced PAYG pension scheme and benefits of the old generation in the
funded country are sufficient to counterbalance the losses to the old generation
in the PAYG country caused by a decline in the price of land. Consider the
problem thusly: Similar to Köthenbürger and Poutvaara (2006) the value of
land in the Home country can be found using recursion in the equation (8), and
it is equal to V = a/r̄, where a is defined in equation (7). Furthermore, elderly
generation receives returns to land a. Therefore, the total income of the old
generations in both countries at the time of pension reform is equal to
(L−1 σ−1 + L̃−1 σ̃−1 )(1 + r̄) +
8

1 + r̄
(Aa0 + Ãã0 ) + L0 w0 τ,
r̄

(23)

where σ and σ̃ denote savings invested in the capital market (in equations (10)
and (11), st refers to total savings including investments in land), index −1
corresponds to the old generation at the time of pension reform, and index 0
corresponds to the period of reform. Let’s see what occurs when this income
is maximal. Using equations (3)-(5), (7) and performing an analysis similar to
that in subsection 2.4, we find that the welfare of the elderly people at the time
of reform is maximal, when labour (at t = 0) is allocated thusly:
  − 1−α−β 
α
 1−α
1−α
L
α
=
A
1 + r̄
β̃ 
 − 1−1−α̃−
 1−α̃α̃
α̃
β̃(1 − α̃ − β̃) L̃
α̃
.
1 − α̃
1 + r̄
Ã

β 1 − α − β(1 − τ r̄/(1 + r̄))
1−α

(24)

We ignore time indexes, since all the variables in this equation correspond
to the period 0, which in turn corresponds to the new equilibrium. Equalizing
τ̃ to zero, and comparing equation (24) with equation (14), we see that benefits
of the old generations living at the time of reform are maximal when τ satisfies

(1 + r̄) (1 − α̃)β − (1 − α)β̃
(25)
τ=
.
r̄ β(1 − α̃) + (1 − α)(1 − α̃ − β̃)
Comparing optimal taxes in equations (25) and (18), we observe that they
are of the opposite sign - i.e. a welfare improving pension reform for the young
generation results in losses for the old generation. As a result, if a PAYG pension system is introduced, the old generation in the reforming country becomes
worse off, and the benefits accruing to the old generation in the funded country
are not sufficient to outbalance these losses. Nevertheless, the result noted in
the previous section is still interesting, since many countries do reform their
pension systems by switching from PAYG to more funded schemes, and the
main message of this paper is that a PAYG pension system may be useful in
the long run.

4

Conclusions

This paper develops a simple rule for the coordination of PAYG pension schemes
in a union of two countries with mobile capital and labour, and land as an
immobile production factor. The general rule is that the optimal coordination
of pension systems depends on the output elasticities of labour and capital.
Even if pensions in one country are fully funded, the other country should run
a PAYG scheme in order to maximize the welfare of agents in the union in
the long run. However, the introduction of a PAYG pension scheme may have
an adverse effect on the old generation in the reforming country because of a
decline in the price of land. The inclusion of an endogenous labour supply and/or
investments in human capital within the model would reduce the need for the
9

PAYG pension scheme, or even entirely eliminate incentives for running a PAYG
pension scheme. These factors have been analyzed in detail in the previous
literature; the goal of this paper has been to focus on the need for a PAYG
pension scheme arising from differences in production functions and endogenous
labour and capital mobility in the union of two small open economies, aspects
unreported on in the earlier works.
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